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Aufgabe 1.

For each of the following functions check whether it is in H*(R) or not. Justify your answers.

Calculate the weak derivative for the functions that are in H1(R).

(@)

(= +2)?
uy = (ZE — 2)2,
0,

T

up(z) =< x+2
0,

s = {cos(:z:),

0,

-2 <x <0,
0<x <2,
otherwise,

0<z<1,
1l<x <2,
otherwise,

s
xZEu

otherwise.

2+2+2=06Points
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Aufgabe 2.
Let Q c R? be open and bounded. The boundary value problem is considered

—Au+au=f in Q,
Vu-n=0 on 09,

with u € H}(Q) and f € L?*(Q), a € Rand a > 0.
(a) Derive the weak formulation of the above problem.

(b) Derive the bilinear form resulting from the boundary value problem. Show that it is
coercive in the H1(Q)-norm.

(c) Is the linear form describing the right-hand side continuous? Justify your answer.

2 +2 +3=7Points
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Aufgabe 3.
Consider the boudary value problem

—Au(z,y) =1 in Q=(0,1)2 C R?
u(z,y) =0 on 00.

Choose the basis functions as
Vi j(x,y) = sin(irz) sin(jmy), 1<4,j <N.
(a) Derive the Ritz-Galerkin equations and find the stiffness matrix.

(b) Let basis functions v 1,1 3,31 and 3 3 form a space V. Find the approximate solu-
tion in the space V.

4 + 4 = 8 Points
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Aufgabe 4.
For Q c R? we consider a subset of a triangulation that consists of four nodes P, k =
1,2,3,4, and two triangles given by (Py, P», P4) and (P, Ps, P,). The edges along the x-
and y-axis are of length h € R, and the coordinates of the node P, are (0, 0).

1 12 3 T
On each triangle we have a linear ansatz function

p(x,y) =a+Br+vyy

with parameters o, 5,y € R. As numerical parameters we use the point values at the nodes
U = U(Pk), k= 1,2,3,4.

(a) Give the explicit form of the linear functions in the triangles T , for given values of
ug, k=1,2,3,4.

(b) The bilinear form a(u, v) is being evaluated using piece-wise linear hat functions ¢y,
on each vertex P, k = 1,2, 3, 4. Which entries of the submatrix

Ajk:a(SOj,QOk), j7k:1>27374
will be zero independent of a?

(c) When evaluating the bilinear form, the underlying integrals are typically computed

element-wise using element-form-functions N(T)(:c, y). Use the result of (a) and list
the four element-form-functions for the nodes j € {2,4} and the triangle 77 and 7>.

(d) Compute the entry Ay, of the matrix in (b) for the bilinear form
a(u,v) = / Vu-Voudzx
Q

with the result of (c). No transformation to the reference-element necessary.

3+2+2+2=9Points
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Aufgabe 5.
We consider the homogeneous shallow flow equations given as follows

O¢(hu) + 0y (hu2 + 1 (g9n?) ) =0,

with g being a positive parameter, so-called gravitational acceleration. We write the two
equations as a system

U+ 0,F(U)=0.
a) Define U, and F(U).
b) We linearize the given system as the following expression
U + A(U)O,U = 0.
Compute the flux Jacobian A(U) = DF(U).
c) What are the characteristic velocities of the system?
d) Under which condition is the system hyperbolic?

2+2+2+2=8Points
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Aufgabe 6.
Consider the linear system of conservation laws

OU + A9, U =0 (#)

with matrix A = ( 512 1 ) using e > 0 for a solution vector U : R x R* - R2,

(a) Show that the system is hyperbolic for all ¢ > 0. What happens to hyperbolicity in the
special case £ = 07?

(b) Show that vy, = (ié, 1)T are the eigenvectors of the matrix A. What are the eigen-
values?

(c) Diagonalize the hyperbolic system (#) for general ¢ > 0.
(d) Consider the initial conditions

x <0
U(z,0) =

= NN

, x>0

for the system (#). What is the resulting intermediate state U* of the corresponding
Riemann solution for general ¢ > 0.

(e) Give a sketch of the Riemann solution for small e. Why is the solution called “delta-
shock” in the limit ¢ — 07?

2+2+1+2+2=9Points
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Aufgabe 7.
Consider the following advection equation

O+ ad,u =0 Vx € Q.

We will discretize the above equation using finite differences and a Lax-Friedrichs scheme
in the following way

1, n ax, , n
uptt = 5(“1—1 +u) + 7(“2'—1 — Uiy1)-

where u]' represents the solution at the i-th grid point and the n-th time step. The factor A
is the ratio of At and Az i.e. A = At/Az. Show that

a) The above LF scheme is consistent upto at least first order.
b) Let g(0) be the amplification factor of the scheme, then
9(0) = cos(0) — iaXsin(6),
where 6 = kw Az with k being the wave number of the Fourier ansatz.

c) For what ranges of ) is the scheme stable?

3+2+2=7Points

14/17



Exam | Partial Differential Equations (CES+SISC) | 08.03.2024

Name: Mat-Nr.:

15/17



Exam | Partial Differential Equations (CES+SISC) | 08.03.2024

Aufgabe 8.
Consider the following numerical schemes for the linear advection equation

us +auy =0, with a > 0.
Rewrite the scheme in the incremental form as follows
uptt = + Cit)2 (ufyy —ui') — Dy s (uf —uiq).
Compute the corresponding D} , , and C7,, ,,, and comment on the TVD property.
a) The Upwind scheme with the correct left hand-side stencil (as a > 0):

n+1
i

n

_ n __
U =u; —c (uZ ui_l) .

b) The Upwind scheme with the right-hand side stencil:

u?“ =u; —c (uzﬁrl — uf) .
c) The Lax-Friedrich scheme:
n+1l __ 1 n n c n n
Ui =5 (uifpy +uiy) — 2 (ufyr —uiq) -

Note in passing that ¢ = QA—A; is the CFL number.

2+ 2+ 2=06Points
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