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Exam | Partial Differential Equations (CES+SISC) | 06.03.2023

Aufgabe 1.
For each of the following three functions defined on Q, check whether they are in H(Q). If
yes, compute the weak derivative. Also discuss whether they are in C1(Q):

z x>0
.ul(x):{o x<07 Q=R

142 <0
.U2($):{1IE ZE>0’ Q:[_]-v]-]

. ug(a) = (z +1)? x <0 O-R
TV @ -12+1 200

2+2+2=6Points
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Aufgabe 2.
Consider the following problem with the Neumann boundary condition:

—alAu + pu = f(z) in Q:=(0,1) x (0,1)
Opu =0 on 09,

where f(z) = 24 if 2 = (z1,72) and a # 0, 8 > 0 are real numbers.

a) Derive the weak formulation of the above problem.

(a)

(b) Show existence and uniqueness of the weak solution.
(c) Comment on the existence of weak solutions for 5 = 0.
(d)

d) Which (simpler) form does the PDE take for 5 = a?

3+4+2+1=10Points

417



Exam | Partial Differential Equations (CES+SISC) | 06.03.2023

Name: Matriculation-Nr.:

517



Exam | Partial Differential Equations (CES+SISC) | 06.03.2023

Aufgabe 3.
Consider the boundary value problem

Au(z,y) =1 in Q=(0,1)? C R?
u(z,y) =0 on 90

Choose the basis functions as

Vi j(x,y) = sin(irz) sin(jry), 1<i,j <N
(a) Derive the weak formulation of the problem.
(b) Find the Ritz-Galerkin equations and the stiffness matrix.

(c) Let basis functions 1 1,11 2,121 and v, » form a space V. Find the approximate solu-
tion in the space V.

Hint:

(i2 '2)71'2 S
/ (Vbij - Vi) dS2 = { T (65) = (k1)
Q

0, otherwise
/ Gy — =, heither k nor [ is even
o P00, otherwise

1+ 3 + 3 =7 Points
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Aufgabe 4.

For Q c R?, we consider a uniform quadrilateral grid that is build from squares of equal
edge length h. On each square we have a bilinear ansatz function

p(z,y) = a+ Bz + vy + dzy

with parameters «, 3,~, € R. As numerical degree of freedoms for an unknown function,
we use the function values at the vertices of the squares.

<o bt

¢ ® A
Node 3 Node 4 :

1

\

h

1

1

|

Node 1 Node 2 !
[ oV

(0,0)

Abbildung 1: Square @ of edge length i with nodes labelled 1,2, 3, 4.

(a) Consider the square Q with vertices labelled 1,2, 3, and 4 as displayed in Figure 1.
Show that for given point values at nodes 1,2, 3,4 a unique bilinear function can be
constructed. Do this by assuming point values u; 3 4. Describe the bilinear func-
tion in one sentence or draw a simple(!) sketch. Can a unique bilinear function be
constructed from three point values?

(b) On quadrilateral meshes, we typically consider the bilinear finite element space, i.e.,

the space of continuous piecewise bilinear functions, which is equipped with a basis
of hat functions.
Let ¢2(x,y) and ¢3(z, y) denote the hat functions associated with the nodes 2 and 3
respectively and let N,(z,y) and N3(x,y) denote the element form functions on the
square ( associated with the nodes 2 and 3 respectively. Reduce the generic bilinear
function to explicit expressions for Na(z,y) and N3(z,y).

(c) Consider the bilinear form
a(u,v) = / Vu - Vodx
Q

Compute the contribution of element @ to the matrix entry A, 3 = a(y2, ¢3).

3+2+2=7Points
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Aufgabe 5.
For (z,t) € R x R consider the following system of linear conservation laws

U (t,x) + A0, U(t,x) =0,

1 -2

with matrix A = <_2 5

> and initial condition
1
<3> z <0,
U(0,z) =

Derive the solution by performing the following steps:

a) Diagonalize the system and transform the initial condition to reduce the problem in-
to two independent scalar linear conservation laws by changing variables. For this
purpose use the eigenvalue decomposition of the matrix A = TAT~! with a diagonal

matrix A.

b) Solve the acquired independent scalar conservation laws with corresponding initial

conditions.

c) Transform the solutions back to the variable U(¢, x).

3+1+3=7Points
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Aufgabe 6.
We consider the homogeneous shallow flow equations given by

QU (t,2) + 0, F(U(t,x)) = 0.

The vector U and matrix F'(U) are given as

h hu
U= (hu) and  F(U) = (ozhu2 + gh2/2> ’

with the gravitational acceleration g € R* and a modeling parameter o € R describing the
velocity profile of the flow.
The above system can be written in quasi-linear form:

U + A(U)0,U = 0.
a) Compute the flux Jacobian A(U) = DF(U).
b) What are the characteristic velocities of the system?

¢) Under which condition is the system hyperbolic?

2+ 2+ 2=06Points
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Aufgabe 7.
Consider the linear transport equation

Uy + aug, =0

with a € R. Using Lax-Friedrichs numerical method given by

ut  +ult alAt
n+1 Jj+1 j—1 _
uj ( 2 ) +ony (W —ujig) =0,

you should:

a) Determine the order of consistency of the method.

b) Determine the modified equation. Use the modified equation to find a restriction on
the grid parameters At and Ax such that stability holds.

c) Write Lax-Friedrichs method in conservation form and specify the numerical flux func-
tion.

d) Show that Lax-Friedrichs method is monotone.

2+3+1+3=9Points
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Aufgabe 8.
The super-bee limiter for the nonlinear reconstruction of cell slopes in a finite volume
method is given by

#)(0) = max (0, min (1,26) , min (2,6))

(a) Draw the super-bee limiter in the 8-¢-diagram together with the minmod and van-Leer
limiter.

(b) Is the superbee-limiter consistent and TVD?

(c) Consider the reconstruction formula u;(z) = u; +o(z —2;) with o3 = ¢(6;) 3"
and the values
1. w1 = 3, u; =4, Ujp1 = 10 and
2. U;—1 = 2, U; = 07 Ui+1 = 6.
Compute the slope o; based on the super-bee and minmod limiter.

3 +2 + 3 =8 Points
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