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Aufgabe 1.

For each of the following functions check whether it is in H*(R) or not. Justify your answers.

Calculate the weak derivative for the functions that are in H1(R).
(@)
(r+2)?, —-2<x<0,
up =14 (z—2)? 0<z<2,

0, otherwise,
(b)
(z +1)2, x <0,
Uy =
(x—1)2+1, x>0.

jus
s = cos(x), x> 7 |
0, otherwise

2+ 2+ 2=06Points
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Aufgabe 2.
Consider the following problem with the Neumann boundary condition:

—Au+ au = f(z) in Q:=(0,1) x (0,1)
Opu =0 on 01,

where f(z) = 24 if = (z1,72) and a > 0.
(a) Derive the weak formulation of the above problem.

(b) Show existance and uniqueness of the weak solution.

(c) Comment on existance of the weak solution for a = 0.

3+4+2=9Points
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Aufgabe 3.
Let V be a Hilbert space and consider a bilinear form a : V x V. — R as well as a linear
form b : V — R that satisfy the conditions of the Lax-Milgram theorem. Let also Vi be an
N-dimensional subspace of V.

(a) Derive a linear system of equations for the Ritz-Galerkin solution uy € Vi of the
variational formulation in V' defined by a and b.

(b) Which properties does the Ritz-Galerkin matrix Ay have? Is the linear Ritz-Galerkin
system uniquely solvable?

(c) Consider the following minimization problem:

, 1 2
min J(v), J(v) = EHVUHLZ(Q) - /dea:,

there was a typo (missing square of the Lz-norm), which was noted in the first 45 minutes. All students were notified. Whel'e V — H&(Q) and Q —
(0,1) x (0,1) € R2. Use the M-dimensional subspace V,; spanned by the following
basis functions:

Vi j(z,y) = sin(irz) sin(jmy), 1<i,5 <N, M = N?,

to derive elements of the corresponding Ritz-Galerkin stiffness matrix and right hand
side.

4 +2+4=10 Points
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Aufgabe 4.
We are given the reference triangle K := {¢ = (&1,&)T € R?| 0 <
and an arbitrary triangle K with nodes p; = (0,0),p> = (1,2),p3 =
following quadrature formula is given for the reference triangle:

A 1./11
/f(f(ﬁ)dfzzf <3v3>'

The goal is to approximate integral [, f(x)dxz with f(z) := 3 — 212,. Proceed as follows:

&6 <1,0<&6&<1-&}
(4,0). Suppose that the

a) Determine the affine transformation F : K — K such that
FK(0,0):ply FK(lao):p27 FK(071):p3

b) Transform the integral over K to an integral over the reference triangle K. Then
approximate the integral by applying the given quadrature formula.

2 + 3 =5 Points

8/17



Klausur | Partial Differential Equations (CES+SISC) | 24. March 2021

Name: Matrikel-Nr.:

917



Klausur | Partial Differential Equations (CES+SISC) | 24. March 2021

Aufgabe 5.
For (z,t) € R x R™ consider the initial value problem

e (52)

ur, x <0
U(Z',O):’U,O((I?): {UR x>0

a) Specify the shock speed s and the entropy condition,
b) Specify values ur,, ug for which the solution is a shock and specify the solution,

c) Specify values uy, ugr for which the solution is a rarefaction wave and specify the
solution,

d) For both cases identified in b) and c), present Godunov’s flux g(ur, ur).

2+1+2+3=28Points
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Aufgabe 6.
For (z,t) € R x R consider the following system of linear conservation laws

o U(t,x) + A0, U(t,x) =0,

1 -2

with matrix A = <_2 5

> and initial condition
0
<4> z <0,
U(0,z) =

Derive the solution by performing the following steps:

a) Diagonalise the system and transform the initial condition to reduce it to two inde-
pendedn scalar linear conservation laws by changing variables. For this purpose use
the eigenvalue decomposition of the matrix A = TAT ! with a diagonal matrix A.

b) Solve the acquired independent scalar conservation laws with corresponding initial

conditions.

c) Transform the solutions back to the variable U(¢, z).

3+1+3=7Points
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Aufgabe 7.
Consider the following initial value problem

U+ u, =0 for t >0,z € R,
u(0, ) = uo(z) for z € R.

For its solution the following numerical scheme has been suggested

At
n+l _ . n n n
Yi =% T Ax (tfir = 47)
with 1 o
g [y a,

T .
j—

NI

on an equidistant grid with " = nAt and x; = jAxz where n € Ny and j € Z.
a) Asses whether or not the scheme is conservative.
b) Determine the consistency order of the scheme.

c) Asses whether or not the scheme is monotone.

2+ 2+ 2=06Points
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Aufgabe 8.
Consider the following nonlinear scheme
’UJ?H =uj — Mgjt1/2 = 9j-1/2)s

gj+1/2 = gluj, ujq)
for A > 0 and j € grid, with Lax-Friedrichs numerical flux
_ 1 1
9u,0) = 5 (f(u) + () = 55 (0 — )

for f: R — R.

March 2021

a) Write down the scheme in incremental form as used in Harten’s theorem.

b) Derive a CFL condition for A such that the scheme satisfies the requirements of

Harten’s theorem.

3 + 6 = 9 Points
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