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» Please answer the questions starting on the page where the questions are posed. If you need
additional space you can use the empty pages reserved at the end of the exam sheets. In this
case please write your name and matriculation number on the respective pages as well as the
question number.
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and that you will not attempt cheating.
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Problem 1.
For each of the following functions defined on Q check whether it is in H(Q) and C'(Q).
Justify your answer. If it belongs to H(Q), calculate the weak derivatives for the functions
that are in H(Q).

a) =R,
(x+3)°, —3<z< -1,
wu(z) =3 (x-1)*, -1<z<I,
0, else.
b) Q= (-2,0),
ug(z) = |x 4+ 1|.
c) Q =R,

2+ 2+ 1=5Points
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Problem 2.
Let 2 C R be an open bounded domain. Consider the following Robin boundary (which is
a combination of Dirichlet and Neumann boundary conditions) value problem

1 ,
——Au+u=f inQ
«
Vu-n+pu=g on 00
where f,g € L?(Q), a > 1, 3 > 0 and n is the outer unit normal vector at 9.

a) Derive the weak formulation of the above problem, including the statement of reasona-
ble function spaces for the solution and test functions.

b) Prove that for any o > 1 and > 0 there exists a unique solution.

3 + 6 =9 Points
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Problem 3.
Let V be a Hilbert space and consider a bilinear form a : V x V. — R as well as a linear
form b : V — R that satisfy the conditions of the Lax-Milgram theorem. Let also Vi be an
N-dimensional subspace of V.

(a) Derive a linear system of equations for the Ritz-Galerkin solution uy € Vi of the
variational formulation in V' defined by a and b.

(b) Which properties does the Ritz-Galerkin matrix Ay have? Is the linear Ritz-Galerkin
system uniquely solvable?

(c) Consider the following minimization problem:

. . 1 2
min J(v), with J(v) = 5||V1)HL2(Q) - /de:c,

where V = H}(Q) and Q = (0,7) x (0,7) C R2. What is the corresponding PDE to
this minimization problem and weak formulation. Use the M -dimensional subspace Vi,
spanned by the following basis functions:

¢ij(z,y) = sin(iz)sin(jy), 1<i,j<N,  M=N?

to derive elements of the corresponding Ritz-Galerkin stiffness matrix and right hand
side.

Hint: You can use without a proof the following integrals:

™ 1 k
/ sin(kz) = =SS ke N,
0

k b
seasiim) st Hess(m) ) A ET G = (k1)
/Q< j cos(jy)sin(ix) ) < [ cos(ly) sin(kx) > S5 {07 otherwise

3 +1+4=8Points
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Problem 4.
Consider the Poisson equation
Au=f ze€
u=0 z€dR
on a 1-dimensional domain Q = (-1, 1) with some smooth source function f : R — R, i.e.,

f € C*°(R). For the solution we want to use the Finite-Element-Method with different basis
functions on an equidistant grid xo, ...x,,+1 With

T = *1+k‘h,

where h = 2/(n + 1) is the mesh width.

a) Provide an explicit expression for the P1-basis function ¢ (z) on the inner nodes

xzi, k = 1,...,n. What are the two element form funcions N}”(g) (j =12 ona
reference element [0, 1]?

b) Compute the system matrix for the Poisson problem with P1-elements by first com-
puting the element system matrix and then combining.

c) For P2-elements we add additional nodes at positions ;1 in the middle of each
element. What are the element form functions N;z)(g) (j = 1,2,3), associated with
the local nodes ¢ € {0, 3,1}7?

d) Compute the entries (2,2) and (1,3) of the 3 x 3 element system matrix.

e) What is the global matrix bandwidth (, i.e., the smallest integer K for which A(i,j) =0
for all 4, j with |i — j| > K) for P1- and P2-elements?

1.5+2+1.5+2+1=8Points
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Problem 5.
We consider the homogeneous shallow flow equations given as follows

O¢(hu) + 0y (hu2 + 1 (g9n?) ) =0,

with g being a positive parameter, so-called gravitational acceleration. We write the two
equations as a system

oU 4+ 0, F(U) =0.
a) Define U, and F(U).
b) We linearize the given system as the following expression
U + A(U)O,U = 0.
Compute the flux Jacobian A(U) = DF(U).
c) What are the characteristic velocities of the system?

d) Under which condition is the system hyperbolic?

2 + 4 = 6 Points
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Problem 6.
For a following system of linear conservation laws

o U(t,x) + A0, U(t,x) =0,

with a matrix A = <_ 1 > and an initial condition

1
4 1
0
<4>, x <0,
U(0,z) =

2
<1>, x> 0.

Consider following steps:

a) Diagonalise the system and transform the initial condition to reduce it to two inde-
pendent scalar linear conservation laws by changing variables. For this purpose use
the eigenvalue decomposition of the matrix A = TAT ! with a diagonal A.

b) Solve acquired independent scalar conservation laws with corresponding initial con-

ditions.

c¢) Transform the solution back to the variable U(¢, x).

4 +1 + 3 =8 Points
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Problem 7.
For the advection equation

O+ ad,u =0 (%)

with periodic boundaries we consider an equidistant discretization with time step At and
grid size Az, and the time-step-method

J

14

upth =+ 5 (Wi —ufi) + 3 (wfog = 2uf +ufyy) (%)
for point values v} ~ u(x;,t,). The Courant number is given by v = 48! and there is an

additional parameter § € R.

(a) For general 6, compute the local error and consistency order for the scheme (*x).
What value of ¢ is needed to make the scheme second-order?

(b) For general § show that amplification function of the method is given by
g(§) =1+0(cos& —1) —ivsing
based on the Fourier or von-Neumann analysis.

(c) Consider the following 6 parametric plots of the amplification function g(¢) in the
complex plane.

Im Im Im

1.0 /-\ 1.0 1.0
0.5 l

R
0/ /1.5 -1.5| 1.0\ 0\E 0

Re e
-1.5| F0\ 08 0.5/ 110/ | 1f5 -1.5| A0\ O\& 0.5/ /1
=05 =05 I
-1.0 -1.0 -1.0

Im Im Im

EI 1.0 EI 1.0

-\ Re Re
-1.5/-1.0/ -0.5 0.5/ A0/ /15 -1.5 = -05 _y() 15 -45 -1.0 -05 0.5/ /M0 /15
=05 =g =05
-1.0 -1.0 o

What are the values of the parameters v and § for each of these plots? In what cases
do you expect a stable method in the sense of von-Neumann? Please justify!

./

(d) Name the methods for § = v and 6§ = 2.

3+2+2+1=8Points
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Problem 8.
Consider the following numerical schemes for the linear advection equation

us +auy =0, with a > 0.
Rewrite the scheme in the incremental form as follows
uptt = + Cit)2 (ufyy —ui') — Dy s (uf —uiq).
Compute the corresponding D} , , and C7,, ,,, and comment on the TVD property.
a) The Upwind scheme with the correct left hand-side stencil (as a > 0):

n+1
i

n

_ n __
U =u; —c (uZ ui_l) .

b) The Upwind scheme with the right-hand side stencil:

u?“ =u; —c (uzﬁrl — uf) .
c) The Lax-Friedrich scheme:
n+1l __ 1 n n c n n
Ui =5 (uifpy +uiy) — 2 (ufyr —uiq) -

Note in passing that ¢ = QA—A; is the CFL number.

3 +2 + 3 =8 Points
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