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All answers need to be explained sufficiently.
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(1090]334). Appointments for the oral repeat-exam have to be arranged at the exam review.

Please answer the questions starting on the page where the questions are posed. If you need
additional space you can use the empty pages reserved at the end of the exam sheets. In this
case please write your name and matriculation number on the respective pages as well as the
question number.

With your signature you confirm in all conscience that you feel well enough to take the exam
and that you will not attempt cheating.
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Exam | Partial Differential Equations (CES+SISC) | 18.09.2023

Aufgabe 1.
For each of the following three functions defined on Q, check whether they are in H(Q). If
yes, compute the weak derivative. Also discuss whether they are in C1(Q):

i 2
.u1($):{smx+cosx z € (0,2m) O—R

1 otherwise ’
cosr x<0
. = , Q=R
u(2) {0 otherwise

(r+2)2? -2<z2<0
cuz(z) =< (-2 0<z<2 , Q=R
0 otherwise

2+ 2+ 2=06Points
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Aufgabe 2.
Consider the following problem with a Neumann boundary condition:

alu —u = —af(z) in Q:=(0,1) x (0,1)
Opu =0 on 092,

where f(z) = —22 if v = (z1,2,) and a > 0.

(a) Derive the weak formulation of the above problem.
(b) Show existence and uniqueness of the weak solution.

(c) Comment on the existence of a weak solution for o — oo.

3+4+2=9Points
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Aufgabe 3.

Consider the boundary value problem
d*u
% = f a<x<< b
u(a) =u'(a) =0
u(b) =u'(b) =0

(@)

Show that this problem satisfies the variational formulation

/a bu”(x)v”(a:)dx = / b f(x)v(x)dz YveW

with W = {u € H?(a,b), u(a) = v/(a) = u(b) = v'(b) = 0}.
On the reference interval [0, 1] C R consider the polynomial space
Py ={p:£{~p(§) polynomial, deg(p) <3}.

What is the dimension of this space? Give a basis of this space by constructing form
functions N;(&), i = 1,2, 3,4 such that each form function gives one for exactly one of
the values {N;(0), N,(1), N/(0), N/(1)} and zero for the other three.

For an interval 2 = [a, b] we consider the positions {z;},_, ., C [a,b] With a =z <
x; < xn+1 = b. Lets define the intervals K; = [z;,z;+1] as elements and define the
differentiable finite-element space

53 ([a,b), {K:}iz1) = {u € C*([a,b]), u(z)|, = polynomial with degree 3} .

As basis for this space we use hat functions ¢; such that at the points {z;},_y v,
we have p;(z;) = d;; and ¢’;(x;) = 0 for the derivatives, as well as shape functions 1,
such that ¢} (z;) = 6;; and ¢;(z;) = 0

Ti_1 Z; Tit1
o2l

What is the dimension of $3 for N + 1 elements?

Let us choose a = —1 and b = 1 and consider the above boundary value problem with
a discretization of the intervall [a, b] by two elements K, = [-1,0] and K; = [0, 1] each
equipped with the space P;. Using the basis from (c) and after exploiting the boundary
values what are the two remaining basis functions of this discretization?

2+2+2+2=8Points
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Aufgabe 4.
For Q c R?, we consider a uniform triangular grid with each element of edge length 2. On
each triangle we have a quadratic ansatz function

zix,y)=:al%—azx—ka3y%—a4w24—a5y24—a6xy,
with {a;}%_; € R.

3, (0,h)

1, (0,0) 2, (h,0)

a) How many nodes are needed in addition to the triangle corners to guarantee a unique
second order polynomial? Include your choice of nodes into the sketch and verify
uniqueness.

b) Let ¢1(z,y) and po(x,y) denote the quadratic hat functions associated with nodes 1
(0,0) and 2 (h, 0), respectively, and let N1(z,y) and N»(z,y) denote the element form
functions with the nodes 1 and 2, respectively. Find explicit expressions for Ny(z,y)
and Ny(z,y).

4 + 3 =7 Points
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Aufgabe 5.
For (z,t) € R x R consider the following system of linear conservation laws

o U(t,x) + A0, U(t,x) =0,

. . 6
with matrix A = <2 3

) and initial condition

1
<3) x <0,
U(0,z) = )
< ’ > x > 0.
Derive the solution by performing the following steps:

a) Diagonalize the system and transform the initial condition to reduce the problem in-
to two independent scalar linear conservation laws by changing variables. For this
purpose use the eigenvalue decomposition of the matrix A = TAT~! with a diagonal
matrix A.

b) Solve the acquired independent scalar conservation laws with corresponding initial
conditions.

c) Transform the solutions back to the variable U(t, 2:) and simplify the solution as much
as possible.

d) Make a sketch of the solution for both, original and transformed variables, at time
t=0andt=0.5.

3+1+2+2=8Points
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Aufgabe 6.
We consider the homogeneous shallow flow equations

Oth 4+ 0(hu) =0
1
Or(hu) + Op(hu® + 59 h?) =0

with g > 0.
We can write the equations as a system

a) Define U, define F(U).

b) We are now interessted in shocks. The state on the left of the shock will be denoted
by q; = (hi, by w;) and the right hand side of the shock by q,. = (k. A u,-). Write down
the general Rankine-Hugoniot, and substitute in the shallow water system.

c) Determine if the following left and right states can be connected by single shock
wave. If they can, compute the shock speed. Assume that ¢ = 10.

1. q; = (5,25), q, = (4,26)
2. q = (5725)1 qr = (4) 24)

d) Now consider the quasilinear version of the homogeneous shallow water equations,
given by

U+ A(U)o,U=0

with

AU) = (—u2?i— gh 21u>

Assume that we linearize the shallow water equatinos around state q;. Determine if
the left and right states given in ¢) can be connected by a single shock wave. If they
can, compute the shock speed. Assume that g = 10.

2+2+2+2=8Points
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Aufgabe 7.
Consider the following advection equation

Oyu + adzu = 0, VaeR, xz €.

We will discretize the above equation by using finite differences with the Lax-Friedrichs
scheme in the following way

U?H = 5(%‘-1 +ufig) + 7(%’—1 —uji1),

where u} represents the solution at the j-th grid point and the n-th time step. The factor A
is the ratio between At and Az, i.e. A .= At/Ax.

a) Show that the above scheme is consistent up to at least first order.

b) Write the update rule as time update Ha.(u}_q,u}, u},; ), compute the partial deri-
vatives 0,H and use these quantities to assess, whether the scheme is monotone.

c) Write the scheme in conservative form by specifying the numerical flux functions.

2 +3 +1=6Points
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Aufgabe 8.
The superbee limiter for the nonlinear reconstruction of cell slopes in a finite volume me-

thod is given by
#)(0) = max (0, min (1,26) , min (2,6))

(a) Draw the superbee limiter in the 6-¢-diagram together with the minmod and van-Leer
limiter.

(b) Is the superbee-limiter consistent and TVD?

(c) Consider the reconstruction formula u;(z) = u; +o(z —2;) with oy = ¢(6;) 3"
and the values
1. w1 = 4, u; =8, Uil = 9 and
2. Ui;—1 = 4, U; = 97 Ui+1 = 8.

Compute the reconstruction u;(z;1,2) based on the superbee and minmod limiter
with Az = 1.

3 + 2+ 3 =8 Points
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